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Lorentz Reciprocity Theorem

Reciprocity is an important concept in antennas because it produced implications when we reverse
the role of transmitting antennas and receiving antennas. A formal derivation of the Lorentz
Reciprocity Theorem begins by considering a volume containing two sets of sources, J; and J5,
which each produce fields E1, H; and E,, H,, respectively, as shown in Figure 1.

Figure 1: Volume containing two electric sources

Consider the quantity

V'(E1XH2_E2XH1)7

which is expandable using a vector identity as

(VXE1>'H2—(VXH2)‘E1—(VXEQ)'H1+(VXH1>-E2.

From Maxwell's curl equations,

V x E,
V x H,
V x FE,
V x H,

Therefore,

V'(E1XH2—E2XH1) =

= —jwuH,
= jweEl + J1
= —jwpH,
= JweE;+ Js.

—jwuH - Hy — jweEy - Ey — Jy - By
+jwpHy - Hy + jweE; - Ey + Jy - By
Ji-Ey—Jy- E.
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Since we took the divergence of a quantity in (1), let us now integrate the divergence over the

volume of interest:

// V'(ElXHQ—EQ><Hl)dU/:///(Jl'EQ—Jg'El)dvl
|4 |4

Applying the Divergence Theorem to the left hand side:

#(El XHQ—EQ XHl)'dS/:///(Jl'EQ—JQ'El)dU/.
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A more useful form of this theorem, applicable to antennas, is found by noticing that for electric
and magnetic fields observed a large distance from a source (e.g., a sphere of infinite radius
surrounding an antenna),

e FE x H points in the radial direction normal to the sphere, 7.

e E and H are related through H = (fv x E)/n.

Using the latter relation, the integrand on the left hand side of (10) can be re-written as

(E1XH2—E2XH1)'deS = (ﬁXEl)'Hg—(ﬁXEQ)’Hl (1].)
= 77H1‘H2—77H2'H1 (12)
-0 (13)

Hence,

///V J1 - Byt = ///V Jy - Eqydv/ (14)

This is the form of the Reciprocity Theorem that is used in the analysis of receiving antennas.
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