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Notes:

• You can use one double-sided, letter-sized aid sheet.

• All non-programmable electronic calculators are allowed.

• Only answers that are fully justified will be given full credit.

• You can write in pen or pencil, but requests for remarking will be considered for papers
written in pen only.

GOOD LUCK!
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USEFUL FORMULAE

• Free space impedance: η = 120π ≈ 377 Ω

• Free space wavenumber: β = 2π
λ

• Vector magnetic potential: A =
∫∫∫

v
µJ e−jβR

4πR
dv′

• Far field from a z-oriented ideal dipole at the origin: Eθ = I∆zjωµ
4π

e−jβr

r
sin θ

• Far field from a z-oriented half-wave dipole at the origin: Eθ = jηI0
2π

exp(−jβr)
r

cos(π
2

cos θ) 1
sin θ

• Time-average Poynting (power density) vector: P = 1
2
E ×H∗

• Maximum antenna gain: Gm = 4πr2Pmaxr

Wrad+Wloss
= 4πUmax

Wrad+Wloss

• Radiated power: Wt =
∫ θ=π
θ=0

∫ φ=2π

φ=0
Prr

2 sin θdθdφ = 1
2
|I|2Rrad

• Directivity of a λ/2 dipole: d = 1.64 or D = 2.15 dB

• Friis formula in linear scale: Wr

Wt
= GtGr

(
λ

4πR

)2
PLF (1− |Γt|2)(1− |Γr|2)

• Friis formula in dB:

Wr(dBW or dBm) = Wt(dBW or dBm) +Gt(dB) +Gr(dB)− 20 logR(km)

−20 log f(MHz)− 32.44 + 10 log(PLF ) + 10 log(1− |Γr|2)

+10 log(1− |Γt|2)

• Conversion to gain in dB from gain in linear scale: G(dB) = 10 log10G

• Conversion from W to dBW: W (dBW) = 10 log10[W (W)]

• Conversion from mW to dBm: W (dBm) = 10 log10[W (mW)]

• Conversion from degrees to radians: θ(rad) = θ(deg)× π
180

• Conversion from Cartesian to spherical coordinates:

r̂ θ̂ φ̂
x̂· sin θ cosφ cos θ cosφ − sinφ
ŷ· sin θ sinφ cos θ sinφ cosφ
ẑ· cos θ − sin θ 0
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PROBLEM #1. [10 POINTS]

Consider the link between a smartphone and a base station as shown in Figure 1. The link operates
at a frequency of 1950 MHz. The base station antenna produces a signal with 50 W of power,
which is applied to a transmitting antenna with a gain of 12 dBi.

1 km

Figure 1: Cellular link

a) The cellular phone employs a vertically-polarized antenna with a cardioid pattern whose
radiation intensity described by U(θ) = 1

2
+ 1

2
sin(π

2
cos θ). If the measured gain of the

antenna is 0 dBi, determine the directivity and efficiency of the antenna. [3 points]
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b) Determine the received power from the cellular phone antenna in dBm if the main beam of
each antenna is pointed towards each other (i.e. essentially toward the horizon, θ = 90◦),
the base station employs a vertically polarized antenna, and the transmitter and receiver are
assumed to be impedance-matched to their respective antennas. [2 points]

c) Determine the maximum range of the base station, if the received signal power must be
−70 dBm or higher for successful demodulation of the signal by the phone. [2 points]



ECE422 Midterm Page 5

d) Repeat part (b) if the transmitting antenna produces an RHEP wave with an axial ratio of 2
incident upon the cellular phone antenna. Assume the major axis of the ellipse is aligned
with the polarization axis of the receiving antenna. What is the new maximum range of the
system? [3 points]
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PROBLEM #2. [10 POINTS]

A six element uniformly excited linear antenna array with a uniform spacing of d = 2
3
λ has been

designed using half-wave dipoles as shown in Figure 2.

Half-wave dipoles

Figure 2: Collinear antenna array
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a) Plot the normalized array factor AFn(θ) of the array on a polar plot, indicating the angles of
all nulls produced in the pattern. [5 points]
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b) Determine the first-null beamwidth and half-power beamwidth of the array factor. [1.5
points]

c) Approximately determine the angle(s) θSL of the peak side lobe in the AF. Sketch the total
pattern produced by the antenna array and determine the ratio of the main lobe radiation
intensity to that of the peak side lobe in dB, assuming the introduction of the dipoles does
not shift the side lobe angular locations appreciably. [2 points]
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d) If the main beam of the AF is to be scanned to θ = 60◦, determine the excitation amplitudes
and phases of each of the dipole elements. [1.5 points]



ECE422 Midterm Page 10

PROBLEM #3. [10 POINTS]

A half-wave dipole antenna is oriented parallel to the z-axis, and centred at a point P (d, 0, 0) as
shown in Figure 3. A perfectly conducting ground plane of infinite size is placed in the plane
x = 0. The direction of the current on the dipole is shown with the arrow.

PEC

Figure 3: Plane reflector

a) Sketch the equivalent radiation scenario as predicted by image theory, clearly indicating the
direction of the image current. [3 points]
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b) Determine a complete expression for the total electric field E(φ) produced in the H-plane
of the antenna in the far-field. Assume the current used to excite the dipole is I0. Over what
ranges of θ and/or φ are the fields nonzero? [3 points]

c) The ground plane is to be used to produce a single beam in the H-plane pattern of the antenna,
with as large a field produced as possible in the direction φ = 0◦ and no sidelobes. Determine
the distance d that satisfies this condition and sketch the H-plane pattern of the antenna-
reflector system. Hint: what is α? (continue work on back page if needed) [4 points]


