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TOTAL POINTS: 20

Notes:

• You can use one double-sided, letter-sized aid sheet.

• All non-programmable electronic calculators are allowed.

• Only answers that are fully justified will be given full credit.

• You can write in pen or pencil, but requests for remarking will be considered for papers
written in pen only.

GOOD LUCK!
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USEFUL FORMULAE

• Free space impedance: η = 120π ≈ 377 Ω

• Free space wavenumber: β = 2π
λ

• Vector magnetic potential: A =
∫∫∫

v
µJ e−jβR

4πR
dv′

• Far field from a z-oriented ideal dipole at the origin: Eθ = I∆zjωµ
4π

e−jβr

r
sin θ

• Far field from a z-oriented half-wave dipole at the origin: Eθ = jηI0
2π

exp(−jβr)
r

cos(π
2

cos θ) 1
sin θ

• Time-average Poynting (power density) vector: P = 1
2
E ×H∗

• Maximum antenna gain: Gm = 4πr2Pmaxr

Wrad+Wloss
= 4πUmax

Wrad+Wloss

• Radiated power: Wt =
∫ θ=π
θ=0

∫ φ=2π

φ=0
Prr

2 sin θdθdφ = 1
2
|I|2Rrad

• Conversion from degrees to radians: θ(rad) = θ(deg)× π
180

• Conversion from Cartesian to spherical coordinates:

r̂ θ̂ φ̂
x̂· sin θ cosφ cos θ cosφ − sinφ
ŷ· sin θ sinφ cos θ sinφ cosφ
ẑ· cos θ − sin θ 0
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PROBLEM #1. [10 POINTS]

A linear wire antenna with a total length of ` is shown in Figure 1. The antenna is electrically
large, i.e. ` cannot be assumed to be much smaller than a wavelength λ. Suppose the antenna has
a current distribution given by

I(z′) =

{
I0 |z′| < `/2
0 elsewhere

Figure 1: Linear wire antenna

a) Write an expression for the vector potential A produced by the antenna, in Cartesian coor-
dinates. [4 points]
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b) Write an expression for the far-zone electric fieldE field produced by the antenna, in spher-
ical coordinates, if ` = λ. [2 points]
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c) In which direction does the antenna produce maximum radiation for ` = λ? (Hint: think
about the phase of the current distribution of the antenna). Approximately determine the
half-power beamwidth of the antenna. Be careful not to mix calculations in degrees and
radians when evaluating trigonometric functions. [3 points]

d) Estimate the solid angle over which the antenna radiates most of its power using the half-
power beamwidth calculation in (c), and estimate the directivity of the antenna. [1 point]
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PROBLEM #2. [10 POINTS]

Consider the 3-element antenna array shown in Figure 2. Each antenna element is a Hertzian
dipole of length ∆`. The centre element is oriented along the x-axis while the two outer elements
are oriented along the z-axis.

Figure 2: Antenna array

a) Determine the far-zone electric field produced by the centre element alone. [3 points]
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b) Determine total far-zone electric field produced by the antenna if each antenna element is
driven with the same current I0. [3 points]

turn over
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c) Consider the case where the spacing between the elements is extremely small, such that
βS ≈ 0. It has been claimed that the far-zone Eθ pattern has no nulls in the E-plane (xz
plane), since clearly the centre element “fills in” the Eθ nulls in the ±z directions. Is this
statement true? Fully justify your answer. [2 points]

d) Describe the polarization produced by the antenna in the θ = 90◦, φ = 90◦ direction. [2
points]


