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PROBLEM SET 10

Topics: diffraction, atmospheric refraction, ionospheric propagation

1. An over-water microwave radio link is required between two antennas with gains of Gt and
Gr and heights h1 and h2 respectively. The antennas are separated by a distance, D, much
greater than either of the heights. The earth may be assumed flat. Write down the appropriate
expression for the loss that is additional to that for a free-space link. For the special case of
equal heights, a distance of 20 km between the antennas, and an operating frequency of
9 GHz, determine the heights at which the loss is a minimum.

2. A radio link operating at 2.4 GHz is shown in Figure 1. The transmitter height is ht while the
receiver height is 50 m. The transmitter is located 7 km from a hobs = 75 m tall knife-edge
obstacle. The transmit power at the input to the antenna is 100 W.

Figure 1: Microwave radio link

(a) Determine the received power in dBW if half-wave dipoles are used for the transmit-
ting and receiving antennas, ht = 50 m, and d = 10 km. Assume the antennas are
polarization- and impedance-matched.

(b) How many Fresnel zone radii are occupied by the obstacle in part (a)?

(c) Repeat part (a) if ht = 20 m, and d = 10 km.

(d) Let the obstacle height be hobs = 40 m and ht = 50 m. The diffraction loss can be
eliminated by changing the distance d. Determine the distance d for which this is true,
if at all. Determine the new received power in dBW.



(e) Explain why the plane-earth reflections that may occur between the diffracting obstacle
and the receiver are ignored in link calculations.

3. Compute the received power at a radio if the transmit power is 20 dBm for the following
three cases with λ = 1/3 m, d1 = 1 km, d2 = 1 km: a) h = 25 m; b) h = 0 m; c)
h = −25 m. Compare your answers using exact evaluations of the Fresnel integral as well
as the Lee approximation. For each of the cases, identify the Fresnel zone within which the
tip of the obstruction lies.

4. Find the distance to the radio horizon from a 50 m tower installed 2 km above the sea-level,
given the following atmospheric conditions at sea level: Total air pressure P = 1100 mb;
partial pressure of water vapor e = 12 mb; temperature T = 260 K. Use a typical approxi-
mation for refractivity: N = Ns exp(−h(km)/7), where Ns is the refractivity at sea level.

5. The CN tower is broadcasting a signal at 6 GHz to a boat sailing on Lake Ontario, as shown
in Figure 2. The atmospheric conditions at sea level are: an air temperature of 265 K, an air
pressure of 1110 mb, and a water vapour pressure of 34 mb. The base of the CN tower and
the receiver are at the elevation of Toronto, 76 m above sea level.

Figure 2: Link between CN tower and boat on Lake Ontario

It has been empirically determined that the refractivity of the air varies according to the
following formula:

N = Ns(1 + ah+ bh2 + ch3)

where a = −1.6667× 10−4, b = 1.3889× 10−8, c = −7.7160× 10−13, Ns is the refractivity
at sea level, and h is the altitude in metres relative to sea level.

(a) Determine the maximum distance between the CN tower and the boat for a signal to be
received, if atmospheric refraction is ignored.

(b) Determine the maximum distance between the CN tower and the boat for a signal to be
received, if atmospheric refraction is accounted for.

(c) By what factor must the CN tower transmitter EIRP increase, if the same received
power at the distance determined in (a) is to be received at the new distance in part (b)?

(d) If a circular aperture antenna was used for the CN tower transmit antenna, by what
factor must the radius of the aperture be increased to implement the increase in EIRP
from part (c)?



6. The index of refraction in the ionosphere is n = (1 − 81N/f 2)1/2, where N is the electron
density in electrons/m3 and f the wave frequency in Hz.

(a) Assuming a constant value of N for a given ionospheric layer, calculate the critical
frequency (in terms of N ), up to which normally incident waves are totally reflected.

(b) Assume thatN = 9×105(360/h) cm3, where h is the distance from the ground, in km.
For f = 8 MHz and a 30 degree angle of incidence onto the ionosphere, determine the
height at which the wave is totally reflected back to the earth.

7. In the D region of the ionosphere (lowest ionospheric layer) the electron concentration is
N = 102.5 electrons/cm3.

(a) Find the plasma frequency.

(b) If a link with frequency of operation equal to f = 300 kHz is to be established via a
trapped wave, bouncing back and forth between the earth surface and the ionosphere,
what is the minimum angle of incidence for a wave from the earth into the D-layer that
would implement it?

8. The electron density (in electons/cm3) in the earth’s ionosphere is approximated for a certain
period of time by the following expression, as a function of the height from earth h (in km):

N =


0 h ≤ 60
10(h− 60)2 60 ≤ h ≤ 360
(9× 105)360

h
h ≥ 360

Determine and sketch the path that a wave of frequency f = 9 MHz, entering the ionosphere
at an angle of incidence θi = 45 degrees (see figure below), will follow through the iono-
sphere. The refractive index of the ionosphere is n =

√
1− 81N

f2 , where N is the electron

density (in electrons/cm3) and f is the frequency in kHz.


