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Transmission Line Models for Negative Refractive
Index Media and Associated Implementations
Without Excess Resonators

George V. Eleftheriades, Omar Siddiqui, and Ashwin K. lyer

Abstract—Recently, three-dimensional composite periodic  In this letter, we present a transmission line model to analyze
media comprising split-ring resonators (SRR) and thin wires and interpret the SRR/wire metamaterial. During the analysis, it
have been shown to exhibit a negative refractive index in the 5 ghawn that the SRR resonance is not a necessary condition for
frequency range around the SRR resonance. In this letter, we hievi ti fractive ind In fact. itis d trated
propose transmission line models for studying and interpreting achieving _a negq Ive reiractive in G‘TX' _n af: » LIS demonstrate
the electromagnetic propagation behavior of such materials. that two-dimensional (2-D) transmission-line networks can be
Based on these equivalent transmission line models, we showperiodically loaded with series capacitors and shunt inductors
that by periodically loading a network of transmission lines with  to obtain a negative refractive index. Such media support prop-
series capacitors and shunt inductors, a negative refractive index agating backward waves which makes them left handed, thus

medium can be synthesizevithout excess resonators, thus leading L . L . .
to wideband behavior. These proposed media have tailorable exhibiting a negative refractive index over a wide bandwidth [7],

properties over a broad frequency range. Moreover, they are

completely planar, frequency scalable, more compact, and easier

to implement for RF/microwave circuit applications than their II. TRANSMISSION LINE MODEL OF THE SRR/WRE
SRR/wire counterparts. METAMATERIAL

Index Terms—Artificial dielectrics, backward waves, focusing,

left-handed media (LHM), metamaterials, periodic structures. Transmission line modeling (TLM) can be employed to ex-

plain the electromagnetic propagation behavior in media [9].
Homogeneous, isotropic media can be represented in terms of
. INTRODUCTION equivalent transmission line (TL) circuits. In such a TL circuit,

ECENTLY, synthesized artificial dielectric media (metathe electric permittivity {) and magnetic permeabilityJ are
R materials) have been demonstrated to exhibit negati@Presented by the distributed series impedaécgand shunt
electric permittivity and magnetic permeability simultane@dmittanceX’”) per unit length respectively, according to
ously over a certain range of frequencies. Consequently, the ;. ;.
refractive index of such metamaterials exhibits a negative Z° = jwp, Yi= jwe. @
value in this frequency range. These materials have also b : ; ;
termed left-handed media (LHM) because the electric fie?jré effective propagation constan s given by
E, the magnetic fie'Iﬁ , and the propagation vectarform a ' v =VZ'Y = jw\/jiE. )
left-handed triplet, in contrast to normal (right-handed) media
[1]-[6]. This kind of “left handedness” can be interpreted imt should be pointed out from the onset that the treatment in
terms of the ability of these media to support propagating backis paper is based on one-dimensional (1-D) models but this is
ward waves [7], [8]. As predicted by Veselego [1], interestingot a serious limitation since the same discussion can be readily
new phenomena may be observed when these materials reaektended to two or three dimensions.
an incident electromagnetic field, such as reversed refractionConsider the effective medium theory for characterizing the
backward Cherenkov radiation, reversed Doppler effect, 8RR/wire left-handed medium proposed by Pendry, Smith, and
well as near field focusing from homogenous slabs. In recesdlleagues [2], [3], [6]. The corresponding effective relative
experiments, such three-dimensional (3-D) media have beslactric permittivity €.7;) and magnetic permeabilityf s )
constructed by using split-ring resonators (SRR) and thin wiresthis composite medium are given by [3]
and successfully demonstrated reversed refraction [5]. These
SRR/wire media exhibit a negative refractive index around the
SRR resonance[2]-[5].

2 2
w Fw

where, f, = w, /2 is the plasma frequency of the thin wire,
Manuscript received May 21, 2002; revised August 10, 2002. The review 1§P = w0/27r is the resonant frequency of the SRRis a factor
this letter was arranged by Associate Editor Dr. Ruediger Vahldieck. that controls the bandwidth of the negative refractive index and
The authors are with the Department of Electrical and Computer Engbpresents the fractional area Occupied by the split-ring res-
neering, University of Toronto, Toronto, ON M5S 3G4, Canada (e-mail: . . . .. . L.
gelefth@waves.utoronto.ca). onator in the unit cell, andl is the dissipation factor which is

Digital Object Identifier 10.1109/LMWC.2003.808719 determined by the conductor loss in the SRR.
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Fig. 1. Unit cell of the equivalent transmission line circuit of the SRR/wire
medium. 05}
0 L 1 1 1 L !
Fig. 1 shows the proposed TL circuit representing a unit ce 3 -2 -1 0 1 2 3
of lengthd for the SRR/wire medium as described by (3), wher fd (radians)

d is small compared to the wavelength. The series branch cui-

responds to the SRR whereas the shunt branch represents-f&  typical dispersion diagram for the transmission line model of the
thin wire. The unit cell parameters (series impeda#cand SRR/wire mediumd = 1 cm).

shunt admittanc&”) can be translated to their distributed coun-
terparts £’ andY”) by using the transformatiott’ = Z/d and

Y’ = Y/d. Using (2), the propagation constanbf the trans-
mission line model can be written as

IIl. TL A NALYSIS OF THE DISPERSIONCHARACTERISTICS
OF THE SRR/WRE MEDIUM

Fig. 2 shows a typical dispersion curve for the SRR/wire

v = Jw medium. Here conductor losses are ignodée=0 or R, = o)
¢ for simplicity. The medium exhibits passbands with a positive
L. ,ifd ﬁ Cun 1 rgfractive index whemeff gndeeff are simultaneously posi-
( d) — 5 1 e <<E d) - m) t!ve._Furthermore, it exhibits passbands Wlth a negative refrac-
fto WTI.o TRC ? or sk tive index when bothu, ¢ s ande, ;s are negative.

(4) From the transmission-line perspective, the signs of the se-
ries and shunt reactances should be opposite. In other words, if
Here,c = 1/,/l.€,. The term under the square root correene is inductive the other should be capacitive to obtain a pass-
sponds to the product of.;; ande.;s. Comparing (4) with band. Below the cut-off frequencf, of the parallel resonator
(3), we find that for the following values of the lumped element,.C,., both the series and shunt branches are inductive. Hence
values, the unit cell shown in Fig. 1 is analogous to that of thRere is no propagation. Betwegnand f,, the series branch is
SRR/wire medium capacitive whereas the shunt branch is inductive. In this region,
1 energy propagation takes place by backward waves for which
Ly = pod, L, = (pod)F, C, = W, the phase velocity is opposite to the energy velocity (or group
. Yo <1“" velocity). Alternatively, this is the region where the propaga-
= , Csh = €0d, L., =———. (5) tionk vector points in a direction opposite to the Poyntisig
I'e, ‘*’z%(sod) vector. These propagating backward waves imply a negative re-
fractive index [7]. Moreover, above the cut-off frequency of the

As shown in Fig. 1, the umt_cell of _the proppsed transmiea congd resonatdf,, the series branch becomes inductive again
sion line model for the SRR/wire medium consists of three r€$5d hence the medium exhibits another stopband betyieen
onators, two on the series branch and one on the shunt bra

; . . . Finally, the shunt branch becomes capacitive above the
The series branch consists of two resonators. The first reson I Y P

td cut-off frequencyf, of the shunt resonatdt,; C,;, and

. . Jp shUshs

is the parallelft, L, C, one \.Nh'Ch has a resonant f_reql_Jency he transmission line exhibits a passband. However, since the
fo- The second resonator is formed by the combination of t

ggries branch is inductive and the shunt branch is capacitive
parallelR, L,.C, resonator and the series inducfqrand it res- P '

hase and group velocities are both positive. Equivalently in the
onates affy = f,/1 + F. On the other hand, the shunt branclyp o, ive mediumf and S point to the same direction, thus
is a parallel resonatak,; C,;, with resonance af,. The res-

. . . . _leading to a positive refractive index.
onant frequencies of the SRR/wire medium and the remaining ¢ P

parameters in (3) can now be defined in terms of the unit cell
parameters as follows:

R,

IV. LOADED LEFT-HANDED TRANSMISSION LINE
METAMATERIALS WITHOUT EXCESSRESONATORS

f = 1 £, = 1 1+ L, From the previous discussion, it becomes clear that the condi-
" oL, C, ’ 27/ L,C, L’ tion for obtaining a negative refractive index in the transmission
1 L, 1 line model of Fig. 1 is satisfied when the series branch is ca-

fo = 20/LanCon Ly “ R.C, ®) pacitive and the shunt branch is inductive. Indeed, this implies
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It is worth mentioning that the structure of Fig. 3 is well
known and has been studied extensively in the context of 1-D
backward-wave propagation [10]. However, what is striking

here is that 2-D versions of such periodically loaded trans-
%Ls,, mission line media lend themselves as practical left-handed
media that are capable of demonstrating reversed refraction
and focusing when interfaced with conventional right-handed
media such as a parallel-plate waveguide [7],[10].

Fig. 3. Unit cell of a transmission line loaded with a series capacitor and a
shunt inductor.
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V. CONCLUSION

We have proposed a transmission line equivalent circuit
the propagation of backward waves with negative phase veloditypdel to analyze the propagation characteristics of left-handed
and positive group velocity. Thus in Fig. 1 it is not necessa§RR/wire metamaterials. In this context, such media exhibit a
to include the parallel (SRR) resonator in the series branchnegative refractive index when the series branch of the equiva-
single series capacitor suffices. Implementing this idea badedt transmission line model is capacitive and the shunt branch
on printed transmission-line networks, compact, fully planas inductive. Therefore, it becomes clear that one can directly
broadband negative refractive index media have been propogsglement left-handed media usidg-C' loaded transmission
[7], [8]. Fig. 3 shows the unit cell of such a resonator-free L-@ines without the need for a SRR resonator. For example, the
loaded transmission line medium. X, is the characteristic negative refractive index condition can be satisfied by loading
impedance of the unloaded line and the length of the transmis-host transmission line network with series capacitors and
sion line segmend per unit cell is assumed to be very smalshunt inductors. The left-handed transmission line media thus
compared to the wavelength, the propagation constaaifeg. synthesized can offer large operating bandwidths and naturally
1 andfgd < 1 can be approximated as lend themselves for completely planar implementations which

is desirable for RF/microwave devices and circuits.
1 1
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