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WAVES ON TRANSMISSION LINES
1. Object:

This is an investigation of the fundamental properties of travelling waves using a coaxial
transmission line.

2. References:

(1)  Your Lecture Notes.

(2) David K. Cheng, “Field and Wave Electromagnetics,” chapter 9. David K. Cheng,
“Field and Wave Electromagnetics,” chapter 9.

(3) Ramo, Whinnery, Van Duzer, “Fields and Waves in Communication Electronics,”
Chap. 5.

3. Travelling Waves:

The behaviour of plane electromagnetic waves in an unbounded lossless medium and
transverse electromagnetic waves on lossless coaxial and parallel wire lines along the direction
of propagation z can be characterized by a current i(z,z) and a voltage v(,z) as shown in Fig. 1.

For such waves, Maxwell’s equations reduce to the transmission line equations
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where ¢ and c are respectively the inductance and capacitance per unit lengths of the line. Two



possible solutions of these equations can be expressed in matrix form as follows:
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where f;(z) and f5(z) are two arbitrary functions and

1 1
Zy=.—, u=1/ —
Ve / Jie
are the characteristic impedance and the velocity of propagation of the line. The general solution

can be expressed as a superposition of these two solutions

The solution

has two important properties. First, the voltage and current waveforms are identical except for

the constant Z,. Since we measure i in the +z direction, we find v; (t,z)/ i (t,z) =Z for all ¢t and

z. This means looking in the +z direction, the transmission line behaves like a resistance equal to

the characteristic impedance Z,. Secondly, the voltage and current are invariant along lines

t—z/u=const. As shown in Fig. 2a, points along such a line move with velocity u in the +z

V1

) } at position z and that at the origin can be expressed as
h
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As shown in Fig. 2b, a temporal waveform propagates with velocity u in the +z direction without

direction. The relation between {

change in shape. We therefore speak of this as a travelling wave in the +z direction. Since Z; is

positive real, we find 7,(¢,z)xv|(z,z)> 0, i.e. there is power flow in the direction of propagation.
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The solution
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ir(t,2) -1/Z,

behaves in much the same way except that the ratio v, (t,z)/i,(¢,z)=—Z and that the solution is

invariant along lines ¢ + z/u = const. Since we measure current in +z direction, the first implies,
if we look towards the -z direction, the line appears like a positive resistance of value Z). As
shown in Fig. 3, points along such lines move with velocity u in the -z direction and that the

waveform will also propagate in the -z direction without change

v5(2,0) | (t—z/u,z)
ir(t,0)| |iy(t—z/u,z)
The power flow is in the -z direction since —i5(¢,z)v5(¢,z)> 0. Such a solution is a travelling

wave in the -z direction.
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4. Excitation of Travelling Waves:

To excite travelling waves, let us look at a few examples.

In Fig. 4a a voltage source generating a known voltage waveform V(?) is used to excite
an infinitely long line at z = 0. Since power can only be supplied by the generator to the line,
therefore we can only have power flow away from the generator. As a result, to the right there is

a +z travelling wave while to the left there is a -z travelling wave, i.e.
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At z = 0 the voltage across the line is equal to the voltage source voltage, the voltage slightly to

the right and the voltage slightly to the left. Hence
Ve = vi(t0) = v,(2,0).

The current supplied by the source must, however, be the sum of the currents going to the two

sides, i.e.

I,(¢)=1i;(2,0) =5 (£,0).

The negative sign appears in i; (¢, 0) because it is measured in the +z direction. The above two
relations are known as boundary conditions which enable us to determine uniquely the voltage

and current on the line. The first determines the two waves excited on the two sides, i.e.
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From these values of current waves the second boundary condition yields the source current

zso){i—#jvs(r):in(z).

Zy —-Z%2y Z

We observe that, as far as the source is concerned, the semi-infinitely long transmission on each
side of the source can be replaced by a resistor equal to the characteristic impedance of the line
(Fig. 4b).

In reality, only lines of finite length exist. Is there some way that can cut off the line on
the two sides such that on the portion that remains the voltage and current behave in the same
manner as on the infinite line that we discussed before? The answer is “yes” because only one
travelling wave exists on each side. As previously shown, for each travelling wave the line looks

like a resistor equal to Z, without changing the voltage and current distribution in the remaining

portion (Fig. 4c). Such terminations are known as matched to the line. With termination

resistance other than Z;, Ohm’s law cannot be satisfied by the voltage and current associated

with one travelling wave. As a result, a wave in the opposite direction is generated at the
termination. This reflection phenomenon will be studied in detail in the next experiment.
Finally, the two sides of the transmission of Fig. 4c can be considered as two lines in
parallel. Thus it is only necessary to investigate one of the sides as in Fig. 5. Note here we have
added a resistor in series with the voltage source to facilitate the measurement of source current.

This is the configuration to be studied in the experiment.
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5. Frequency Domain Analysis of Travelling Waves:

Let the source waveform be sinusoidal such that V(¢)= Re{Vsej @l } The voltage and

current on the matched transmission line of Fig. 5 can be obtained by replacing ¢ by ¢ — z/u,, i.e.

Z)} — Re{V ! ej[a)(t—z/u)]}
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where
B =owlu
For every position the temporal waveform is a sine wave with angular frequency £ and period
T=2rn/w. For every time the spatial waveform is again sinusoidal with spatial angular

frequency f and spatial period of wavelength A =27z/w; B is also known as the propagation

constant. Lines in 7, z plane where 7 —z/u= constant represent lines of constant phase for the
sine wave (Fig. 6). At position z the phase is delayed with respect to that at position 0 by z =—
u

which is a linear function of frequency. The velocity u corresponding to these lines is therefore
also referred to as phase velocity. In media with dispersion where distortion accompanies
propagation, velocity of propagation no longer has precise meaning. However, sine waves will
always remain sine waves, hence phase velocity retains its physical significance. One final

relation between various quantities is
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For an arbitrary waveform, by means of Fourier integral representation, it is easily seen
that
M (62)]_ Rl ! [ vy (@)=l
i1(¢,2) Zo ==
where

v (@)= i ” wi(e0)e " d

The advantage of this approach is that in more complex media one finds that the simple

transmission line equations no longer hold. However, sine waves are still propagated as sine

waves with phase delay and perhaps some attenuation. Furthermore, the phase delay fz = wZ

is not necessarily a linear function of frequency; in other words, the phase velocity may vary

with frequency. Such media are said to be dispersive, and waveforms are no longer invariant as

the wave propagates. However, knowing the phase velocity u and attenuation e~ * as a function
of frequency, the waveforms can be expressed as
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6. Reflection at the End of a Finite Length Transmission Line:

Consider the finite transmission line of Fig. 7. The voltage source driving the line has a

source resistance 2. It is terminated at z=L at a resistance R;. For simplicity first consider

R¢=Z,), the characteristic impedance of the line.

R
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Fig. 7

The boundary conditions at the two ends of the line are
V()= R,i(t,0)+ v(2,0)
Ryi(t,L)=(t,L)

The voltage and current on the transmission line can be decomposed into two waves travelling in

+z direction with velocity u:

Pl
) _vl(t—z/u,O)]i_ Vz(t_ L;ZLJ

_il(t—z/u,O)

Vl(t,Z)ZZOil(f,Z); Vz(f,Z)Z—Zoiz(t,Z).

Here, we stressed the dependence of the +z going wave on the value at the “source” end of the
line z=0 and the dependence of the -z going wave on the value at the “load” end of the line at

z=L.



10

The boundary conditions can now be written as

/)= 70102l b 60126 0)
ZEb(eL) = (L 0L v L)
0

We observe the boundary condition (B.C.) at z=0 is greatly simplified if the source resistance R

is equal to Z)), i.e. matched to the line. In this case the B.C. becomes

Ve(t)=2v,(2,0) or v;(£,0)= Vsz(f)

In fact, the +z going wave neither depends on the length of the line nor on the terminating

resistor R;. It is the same as that excited by the source on an infinitely long line. The B.C. as

z=L yields

v(t,L) _(Ry/Zp)-1 -1,
va(t,L) (R /Zp)+1

i.e. the waveform of the -z going wave a z=L is the same as that of the +z going wave there.

Physically, v;(¢,L) incident at the load causes a reflection and we speak of v,(%,z) as the reflected
wave with /; the reflection coefficient. 7/} varies between -1 (R;=0), 0 (R;=Z)) and +1 (R;=0)

as shown in Fig. 8.

Fig. 8
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When v, (¢, z) reaches the source end it is not reflected because R,=7. Fig. 9a shows a plot of a

temporal waveform at various locations while Fig. 9b shows spatial waveforms at various times.

VI(t,z)
———mme= V,(t,2z)

—— - vl(tvz)"‘vz(t'z)

U |

(a) Fig. 9 (b)

7. Multiple Reflection:

If the source resistance R, is not equal to Z, v,(t,z) will be reflected, thus producing

another +z going wave vj (t, z) given by

v;(62)] _ vy (1-2/u,0)
iy (£,2) is(t—2/u,0)

n(t0) _ (R/Z) -1
v (50)  RJZH+1 ¢

When this wave hits the load end it is again reflected, yielding a -z going wave

Ve (v, L) _

vs(t,L) r

L
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Thus, as shown in Fig. 10 there is multiple reflection. Unless |FS| = |FL| =1 ,the amplitude of

the reflected wave will gradually approach zero. The total voltage and current on the line are

vn)| _ @] @ V@D v (12)|,
i(t,2) i (t,2)| |ih(62)] |h(62)] [i(62)

/ = A==

\\Jl rL<0
Fig. 10

8. Effect of a Discontinuity:

When two transmission lines of different characteristic impedances are connected in
cascade, the discontinuity generates a reflected wave. Fig. 11 shows such a configuration.
Without loss of generality we assume the two ends are matched to the respective
characteristic impedances. We expect a wave v;(t,z) incident on the discontinuity at z=L to

generate a reflected
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wave v, (7, 2) to the left and a transmitted wave v3(z, z) to the right. The boundary conditions at
the discontinuity are

V] (t,L)+ 12} (I,L) =3 (t,L)
if(t,L)+iy(t,L)=i5(t, L)

or

ZLO{VI (t.L)=va (6. L)} = ZLO‘@(I’L)

Solving for v, (¢,L),v3(z, L) we find

w(L) (20/Zo)-1 v3(.L) _ 2(Z/Z)

v(t.L) (Zo/Zo)+ 1 w(t.L) (20/Zy)+1

As far as the line to the left of the discontinuity is concerned, it sees a resistance Z;, the

characteristic impedance of the line to the right. Both the reflected and the transmitted waves at

the discontinuity have the same temporal waveform as the incident wave.

9. Input Impedance:

Let us return to the finite transmission line of Fig. 7. When the voltage source is a sine
wave of angular frequency , the voltage and current everywhere on the line are sine waves of

the same frequency. Thus

L L-z
W2) gl L pieli-ziu) | ”’( u )
v(t,z)—Re L/Z()}Vle] ! + Tz, Vye
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where V; and V, are the complex amplitudes of the two waves. If the reflection

coefficient at Z=L is I'; then

v (L) V0V,

. ===
v (LL) = v oTm - Y, L

So far we have only considered resistive termination R; where I'; is real. The voltage and

current at z = 0 are therefore

We can define an input impedance of the line looking to the right at z = 0 as the ratio of

the complex voltage and complex current
B=ow/u

We observe the input impedance of a transmission line is a function of the reflection
coefficient at the end of the line and the total phase shift or electrical length of the line SL
= wL/u.

As an example, consider R; =0, i.e. I'; =-1. The input voltage and current become
-j2BL
v(5,0)] _ (1- 2Py jot
160 = Re v,d
i(1,0) (1+e7y 2z,

and the input impedance

z 1-e72L ML AL
in (©) = Zomz = Zoem—_;e—.,ﬁ = jBZytanBL

6]
= jZotan-;L @
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The input voltage becomes zero when 2fL=2nx. Since [=27/A, this relation is L=nA/2 or
multiples of half a wavelength. At these frequencies the current will be a maximum and the
input impedance is zero. On the other hand, at frequencies where 2L=(2n+1)r the voltage at
z=0 is a maximum while the current vanishes. Thus the input impedance becomes infinite. We
have an infinite number of impedance zeros interleaved with an infinite number of impedance
poles (Fig. 12). The short-circuited transmission line therefore behaves as a resonator. The
impedance is a transcendental function of frequency. In a lumped circuit the impedance is the
ratio of two polynomials of frequency. This is the main difference between a lumped circuit and
a transmission line or a distributed circuit.

It is evident that under sinusoidal excitation the transmission line need not be terminated
in a resistor to have sinusoidal voltage and currents everywhere. Any linear termination
containing R, L, C, M, will also be in the same situation. Thus we can consider a complex load

impedance Z; which will produce a complex reflection coefficient

_(21/20)-1
b ZL/ze)+1
The input impedance Z;,(@) expression given before remains valid.

It is to be noted that with non-resistive termination, the reflected waveform is in general
different from that of the incident waveform. A reflection coefficient is only meaningful for

sinusoidal excitation.



